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Introduction

This is a collection of open problems in combinatorial group theory, which
is based on a similar list available online at our web site
http://www.grouptheory.org
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ondary 57Mxx.

1



In three years since the first edition of this collection was published in
[18], over 40 new problems have been added, and, more importantly, 20
problems have been solved. We hope that this is an indication of our work
being useful. In the present edition we have added two new sections: on
Groups of Matrices and on Growth.

In selecting the problems, our choices have been, in part, determined by
our own tastes. In view of this, we have welcomed suggestions from other
members of the community. We want to emphasize that many people have
contributed to the present collection, especially to the Background part. In
particular, we are grateful to G. Bergman, G. Conner, W. Dicks, R. Gilman,
I. Kapovich, V. Remeslennikov, V. Roman’kov, E. Ventura and D.Wise for
useful comments and discussions. Still, we admit that the background we
currently have is far from complete, and it is our ongoing effort to make it
as complete and comprehensive as possible. We invite an interested reader
to check on our online list for a latest update.

One more thing concerning our policy that we would like to point out
here, is that we have decided to keep on our list those problems that have
been solved after the first draft of the list was put online in June 1997, since
we believe those problems are an important part of the list anyway, because
of their connections to other, yet unsolved, problems. Solved problems are
marked by a ∗, and a reference to the solution is provided in the background.

We have arranged the problems under the following headings:
Outstanding Problems, Free Groups, One-relator Groups, Finitely Presented Groups,
Hyperbolic and Automatic Groups, Braid Groups, Nilpotent Groups, Metabelian
Groups, Solvable Groups, Groups of Matrices, Growth.

Disclaimer. We want to emphasize that all references we give and attribut-
ions we make reflect our personal opinion based on the information we have.
In particular, if we are aware that a problem was raised by a specific per-
son, we make mention of that here. We welcome any additional information
and/or corrections on these issues.

1 Outstanding Problems

(O1) The Andrews-Curtis conjecture. Let F = Fn be the free group
of a finite rank n ≥ 2 with a fixed set X = {x1, ..., xn} of free generators.
A set Y = {y1, ..., yn} of elements of F generates the group F as a normal
subgroup if and only if Y is Andrews-Curtis equivalent to X, which means
one can get from X to Y by a sequence of Nielsen transformations together
with conjugations by elements of F .

This problem is of interest in topology as well as in group theory. A topo-
logical interpretation of this conjecture was given in the original paper by
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J. Andrews and M. Curtis [3]. A more interesting topological interpretation
arises when one allows one more transformation, “stabilization”, when Y is
extended to {y1, ..., ym, xν}, where xν is a new free generator (i.e., y1, ..., ym

do not depend on xν), and the converse of this transformation. Then the
Andrews-Curtis conjecture is equivalent to the following (see [184]): two
contractible 2-dimensional polyhedra P and Q can both be embedded in a
3-dimensional polyhedron S so that S geometrically contracts to P and Q.
Note that this is true if 3 is replaced by 4 – this follows from a result of
Whitehead. The problem is amazingly resistant; very few partial results are
known. A good group-theoretical survey is [32]. For a topological survey,
we refer to [80].

The prevalent opinion is that the conjecture is false; however, not many
potential counterexamples are known. Two of them are given in the survey
[32] by R. Burns and O. Macedonska; a one-parameter family of potential
counterexamples appears in [1]. Recently, a rather general series of potential
counterexamples in rank 2 was reported in [142]. Further potential coun-
terexamples are given in [146].

It might be of interest that, by using genetic algorithms, A. D. Myas-
nikov and A. G. Myasnikov [145] showed that all presentations of the trivial
group with the total length of relators up to 12 satisfy the Andrews-Curtis
conjecture.

Finally, we mention a positive solution of a similar problem for free solv-
able groups by A. G. Myasnikov [144].

(O2) The Burnside problem. For what values of n are all groups of
exponent n locally finite? Of particular interest are n = 5, n = 8, n = 9
and n = 12 – values for which, by the experts’ opinion, groups of exponent
n have a remote chance of being locally finite.

In contrast with the previous problem (O1), the bibliography on the
Burnside problem consists of several hundred papers. We only mention here
that E. Golod [64] constructed the first example of a periodic group which is
not locally finite; his group however does not have bounded exponent. The
first example of an infinite finitely generated group of bounded exponent is
due to P. S. Novikov and S. I. Adian [154]. We refer to the book [156] for a
survey on results up to 1988, and to the papers [87], [126] for treatment of
the most difficult case where the exponent is a power of 2.

We also note that recent work of J. McCammond [133] offers a new ap-
proach to the Burnside problem via (generalized) small cancellation theory.

(O3) Whitehead’s asphericity problem. Is every subcomplex of an as-
pherical 2-complex aspherical? Or, equivalently: if G = F/R =< x1, ..., xn|
r1, ..., rm, ... > is an aspherical presentation of a group G (i.e., the corre-
sponding relation module R/[R,R] is a free ZG-module), is every presenta-
tion of the form 〈x1, ..., xn| ri1 , ..., rik , ...〉, aspherical as well ?
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This problem has received considerable attention in the ’80s. We mention
here a paper by J. Huebschmann [84] that contains a wealth of examples of 2-
complexes for which Whitehead’s asphericity problem has a positive solution.
J. Howie [81] points out a connection between Whitehead’s problem and
some other problems in low-dimensional topology (e.g. the Andrews-Curtis
conjecture). We refer to [123] for more bibliography on this problem. Among
more recent papers, we mention a paper by E. Luft [121], where he gives a
rather elementary self-contained proof of the main result of Howie’s paper
(see above) and strengthens the result at the same time.

Recently, S. V. Ivanov [90] discovered a connection between Whitehead’s
asphericity problem and the problem (O12)(a) below. A somewhat more
general result was later obtained by I. Leary [112].

(O4) The isomorphism problem for one-relator groups.

Z. Sela [168] has solved the isomorphism problem for torsion-free hy-
perbolic groups that do not split (as an amalgamated product or an HNN
extension) over the trivial or the infinite cyclic group. It is not known how-
ever which one-relator groups are hyperbolic (cf. problem (O6)). Earlier
partial results are [160] and [161]. We also note that two one-relator groups
with relators r1 and r2 being isomorphic does not imply that r1 and r2 are
conjugate by an automorphism of a free group, which deprives one from the
most straightforward way of attacking this problem; see [138].

(O5) The conjugacy problem for one-relator groups.

The conjugacy problem for one-relator groups with torsion was solved
by B. B. Newman [152]. Some other partial results are known; see e.g. [124]
for a survey.

(O6) Is every one-relator group without Baumslag-Solitar subgroups hyper-
bolic?

Note that every one-relator group with torsion is hyperbolic since the
word problem for such a group can be solved by Dehn’s algorithm – see
the paper by B. B. Newman cited in the background to (O5). Therefore,
it suffices to consider torsion-free one-relator groups. We also note that
the following weak form of this problem was answered in the affirmative.
A group G is called a CSA group if every maximal abelian subgroup M
of G is malnormal, i.e., for any element g in G, but not in M , one has
Mg∩M = {1}. It is known that every torsion-free hyperbolic group is CSA.
Now the following weak form of (O6) holds: A torsion-free one-relator group
is CSA if and only if it does not contain metabelian Baumslag-Solitar groups
BS(1, p) and subgroups isomorpfic to F2 × Z [61].

There are also several partial (positive) results on this problem in [91].
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(O7) Let G be the direct product of two copies of the free group Fn, n ≥ 2,
generated by {x1, ..., xn} and {y1, ..., yn}, respectively. Is it true that every
generating system of cardinality 2n of the group G is Nielsen equivalent to
{x1, ..., xn, y1, ..., yn}?

The importance of this problem is in its relation to two outstanding
problems in low-dimensional topology, to the Poincaré and Andrews-Curtis
conjectures – see e.g. the survey [68] for details.
∗(O8) Tarski’s problems. Let F = Fn be the free group of rank n, Th(F )
the elementary theory of F , i.e., all sentences in the language of group theory
which are true in F .
(a) Is it true that Th(F2) = Th(F3) ?
(b) Is Th(F ) decidable?

(a) By a result of Yu. Merzlyakov [140], all free groups of finite rank
n ≥ 2 satisfy the same positive sentences. G. Sacerdote [167] re-proved this
result, and also proved that all free groups of finite rank n ≥ 2 satisfy the
same (∀∃) and the same (∃∀) sentences.

(b) Several fragments of the elementary theory of a free group of finite
rank were shown to be decidable. We mention here important work of G.
Makanin [129] and A. Razborov [162] on solving equations and systems of
equations in a free group. G. Makanin [130] also proved decidability of the
universal and positive theories of a free group.

A complete positive solution of both Tarski’s problems was announced by
O.Kharlampovich and A.Myasnikov in [102]. A subsequent series of papers
[100], [103], [104], [105] contains a complete exposition of their method with
full proofs. Preprints are available at
http://www.math.mcgill.ca/˜ olga/publications.html

Recently, a positive solution of the problem (O8)(a) was also announced
by Z.Sela. His 6 preprints under a common title of Diophanite Geometry
over Groups are available at http://www.ma.huji.ac.il/˜ zlil/

(O9) The Hanna Neumann conjecture. If H and K are non-trivial
subgroups of a free group, then
rank(H ∩K)− 1 ≤ (rank(H)− 1)(rank(K)− 1).

It is convenient to write (rank − n)(H) = max(rank(H)− n, 0).
Hanna Neumann proved that (rank−1)(H∩K) ≤ 2(rank−1)(H)(rank−

1)(K) and conjectured that the coefficient 2 could be removed. R. Burns [31]
showed (rank − 1)(H ∩K) ≤ (rank − 1)(H)(rank − 1)(K) + max((rank −
1)(H)(rank − 2)(K), (rank − 2)(H)(rank − 1)(K)), thus proving the con-
jectured inequality when both subgroups have rank two. W. Neumann [150]
formulated a stronger version of the Hanna Neumann conjecture, and proved
the stronger version of Burns’ bound. All subsequent results have applied
to the stronger version.
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G. Tardos [177] proved the conjectured inequality when one subgroup
has rank two. W. Dicks [41] translated the stronger version into a graph-
theoretic conjecture.

G. Tardos [178] improved Burns’ bound showing (rank − 1)(H ∩K) ≤
(rank−1)(H)(rank−1)(K)+max((rank−2)(H)(rank−2)(K)−1, 0), thus
proving the conjectured inequality when both subgroups have rank three.

W. Dicks and E. Formanek [43] improved Tardos’ bound showing (rank−
1)(H ∩K) ≤ (rank − 1)(H)(rank − 1)(K) + (rank − 3)(H)(rank − 3)(K),
thus proving the conjectured inequality when one subgroup has rank three.

B. Khan [98] showed that if one of the subgroups, say H, has a generating
set consisting of only positive words, then H is not part of any counterex-
ample to the conjecture. A similar result was independently obtained by J.
Meakin and P. Weil [139].

A complete proof of the Hanna Neumann conjecture was claimed by W.
S. Jassim [93], but W. Dicks [42] has given an example which he feels makes
it appear likely that the argument is not valid, although Jassim is at this
time not in agreement.
∗(O10) Is the automorphism group of the free group of rank 2 linear? Or,
equivalently, is the braid group B4 linear ?

E. Formanek and C. Procesi [55] proved that the automorphism group
of a free group of rank n is not linear if n ≥ 3. The “Or, equivalently”
statement is due to J. Dyer, E. Formanek and E. Grossman [49].

The problem has been settled in the affirmative by D. Krammer [108].
Later on, S. Bigelow [25] and D. Krammer [109] proved that the Krammer
representation of the braid group Bn is faithful for every n, and therefore all
braid groups are linear.

(O11) Is there an infinite finitely presented periodic group?

Needless to say, infinite periodic groups constructed by Golod, Novikov-
Adian, and Olshanskii (see the background to (O2)) are infinitely related.

(O12) (a) (I. Kaplansky) Can the (integral) group ring of a torsion-free
group have zero divisors?
(b) Is it true that the group of units of a group algebra kG, where G is
torsion-free and k is a field, is generated by k∗ and G ?

The bibliography on these problems consists of over a hundred papers.
One of the highest points here is a result of P. Kropholler, P. Linnell and J.
Moody [110] which implies, in particular, that the integral group ring of a
torsion-free virtually solvable group has no zero divisors. We refer to [159]
for a survey on results up to 1977.

More recently, T. Delzant [40] has shown that group rings of a large class
of torsion-free hyperbolic groups have no zero divisors.
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We also note that S. Ivanov [90] discovered a connection between the
problem (O12)(a) and Whitehead’s asphericity problem (O3).

2 Free Groups

These are problems about free groups, their automorphisms and related
issues. See also problems (O1), (O7), (O8), (O9), (O10).

(F1) (a) Is there an algorithm for deciding if a given automorphism of a
free group has a non-trivial fixed point ?
(b) Is there an algorithm for deciding if a given finitely generated subgroup
of a free group is the fixed point group of some automorphism ?

S. Gersten [57], [58] proved that the fixed point group Fix(φ) of any
automorphism φ of a free group Fn of finite rank is finitely generated. A
simpler proof was given by D. Cooper [37], and R. Goldstein and E. Turner
[63] obtained a similar result for arbitrary endomorphisms of a free group.
M. Bestvina and M. Handel [23] showed that the rank of Fix(φ) cannot
exceed n. In [86], this was generalized to arbitrary endomorphisms.

All these results however do not give an effective procedure for detecting
fixed points of a given automorphism. M. Cohen and M. Lustig [35] ob-
tained several useful partial results and, in particular, solved the problem
for positive automorphisms (i.e., for those that take every free generator to
a positive word).

For part (b), we just note that a subgroup of rank > n cannot possibly
be the fixed point group of an automorphism by the result of Bestvina and
Handel mentioned above. On the other hand, any cyclic subgroup generated
by an element u which is not a proper power, is the fixed point group of the
inner automorphism induced by u.
∗(F2) (H. Bass) Does the automorphism group of a free group satisfy the
“Tits alternative” ?

Yes, it does – see [22].
∗(F3) (V. Shpilrain) If an endomorphism φ of a free group F of finite rank
takes every primitive element to another primitive, is φ an automorphism of
F?

This problem was solved in the affirmative for n = 2 by V. Shpilrain [172]
and by S. Ivanov [89]. S. Ivanov also showed that the answer is positive in
the general case under an additional assumption on φ to have a primitive
pair in the image.

Recently, D. Lee [114] has settled the problem completely, for every n.
∗(F4) Denote by Orbφ(u) the orbit of an element u of the free group Fn

under the action of an automorphism φ ∈ Aut(Fn). That is, Orbφ(u) =
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{v ∈ Fn, v = φm(u) for some m ≥ 0}. If an orbit like that is finite, how
many elements can it possibly have if u runs through the whole group Fn,
and φ runs through the whole group Aut(Fn) ?

There is a nice simple argument showing that the number of elements in
an orbit is bounded by a function depending only on n – see [115]. Suppose
that for some automorphism φ of F = Fn, we have φk(g) = g and φl(g) 6= g
for 0 < l < k. Consider the action of φ on the subgroup H = Fix(φk)
consisting of all elements fixed by φk. (This subgroup is clearly invariant
under φ.) Then φ has order k as an element of Aut(H). Since H has rank at
most n by [23], this gives a bound for k in terms of n, since there is a bound
for the order of a torsion element in GLn(Z), hence also for the order of a
torsion element in Aut(Fn) because the kernel of the map from Aut(Fn) to
GLn(Z) is torsion-free.

Recently, A. Myasnikov and V. Shpilrain [148] showed that the converse
is also true, and therefore, in the free group Fn, there is an orbit Orbφ(u)
of cardinality k if and only if there is an element of order k in the group
Aut(Fn). Their preprint is available at
http://zebra.sci.ccny.cuny.edu/web/shpil/orbit.ps

Note that possible orders of torsion elements of the group Aut(Fn) were
described in [134] and [106].

(F5) (H. Bass) Is the automorphism group of a free group “rigid”, i.e.,
does it have only finitely many irreducible complex representations in every
dimension?

S. Humphries has shown recently that braid groups are not rigid. This
implies that the automorphism group Aut(F2) is not rigid. The preprint is
available at http://zebra.sci.ccny.cuny.edu/web/problems/humphrie.ps

(F6) The conjugacy problem for the automorphism group of a free group of
finite rank.

An outer automorphism Φ of a free group F of finite rank is said to be
reducible if there is a free factorization F = F1 ? · · · ? Fk ? F ′ such that Φ
permutes the conjugacy classes of the subgroups F1, · · · , Fk; otherwise, Φ is
irreducible. Z. Sela [168] and J. Los [120] obtained algorithms which decide
if two irreducible outer automorphisms are conjugate in the group of outer
automorphisms of F .
∗(F7) (V. Shpilrain) Denote by Epi(n, k) the set of all homomorphisms from
a free group Fn onto a free group Fk; n, k ≥ 2. Are there 2 elements g1, g2 ∈
Fn with the following property: whenever φ(gi) = ψ(gi), i = 1, 2, for some
homomorphisms φ, ψ ∈ Epi(n, k), then φ = ψ ? (In other words, every
homomorphism from Epi(n, k) is completely determined by its values on just
2 elements.)
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S. Ivanov [88] has proved that every injective homomorphism from Epi(n, k)
is completely determined by its values on just 2 elements.

Recently, D. Lee [113] has settled the problem completely.

(F8) (W. Dicks, E. Ventura) Let φ be an endomorphism of a free group Fn,
and S a subgroup of Fn having finite rank. Is it true that rank(Fix(φ)∩S) ≤
rank(S) ?

This is true if S = Fn, although the only known proof of this fact is
highly non-trivial (see [23] for the case where φ is an automorphism, and
[86] for an extension of this result to arbitrary endomorphisms). For S an
arbitrary finite rank subgroup of Fn, the result was established in the case
where φ is injective [45].

(F9) (A.I.Kostrikin) Let F be the free group of rank 2 generated by x, y.
Is the commutator [x, y, y, y, y, y, y] a product of fifth powers in F? (If not,
then the Burnside group B(2, 5) is infinite.)
∗(F10) (A.I.Mal’cev) Can one describe the commutator subgroup of a free
group by a first order formula in the language of group theory ?

The negative answer to this problem follows from a positive solution of
Tarskii’s problem (O8)(b) by O.Kharlampovich and A.Myasnikov (see the
background to problem (O8)).

Indeed, if the answer to the problem (F10) was positive, this would imply
that the elementary theory of a free non-abelian group F (with constants
from F in the language) is undecidable, since there is no algorithm for de-
ciding if a given equation in a free group F has solutions from [F, F ] [48].

(F11) (G. Bergman) Let S be a subgroup of a free group F , and R a retract
of F . Is it true that the intersection of R and S is a retract of S?

We can only remark here that the intersection of two retracts of a free
group is itself a retract, but a proof of this fact is much harder than one
would expect – see [20].

(F12) (G. Baumslag) Let F = Fn be a free group generated by {x1, ..., xn},
and let FQ be the free Q-group, i.e., the free object of rank n in the cate-
gory of uniquely divisible groups. Consider the map xi −→ (1 + xi) from
the generators of FQ into the formal power series ring Q〈〈x1, ..., xn〉〉 with
coefficients in Q. It is known that this map induces a homomorphism λ :
FQ −→ Q〈〈x1, ..., xn〉〉 (the Magnus homomorphism). Is λ injective? Or,
equivalently, is the group FQ residually torsion-free nilpotent?

A construction of the group FQ in terms of free products with amalga-
mation is given in [10].
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The best known result about the Magnus homomorphism of the group
FQ is due to G. Baumslag [11]. He proved that the Magnus homomorphism
is one-to-one on any subgroup of FQ of the form 〈F, t|u = tn〉.

This problem can be re-formulated in a more general form, where the
ring Q of rationals is replaced by some other associative ring A. In [147],
it was shown how to construct a free group FA for an arbitrary unitary
associative ring A of characteristic 0. In particular, if A = Z[X] is a ring of
polynomials with integral coefficients, then FA is Lyndon’s free group.

In [56], it was shown that the Magnus homomorphism of FZ[x] into the
corresponding power series ring is an emebedding. Moreover, the Magnus
homomorphism is an embedding for every unitary associative ring A of char-
acteristic 0 if and only if it is an embedding in the case where A = Q.

(F13) (I. Kapovich) Is the group FQ in the previous problem linear?

We note that Lyndon’s free Z[x]-group FZ[x] (see the background to
(F12)) is linear. Indeed, the group FZ[x] is discriminated by F [122], hence
it is universally equivalent to F , therefore it is embeddable into an ultrapower
of F , which is linear.

(F14) Let F be a non-cyclic free group of finite rank, and G a finitely gen-
erated residually finite group. Is G isomorphic to F if it has the same set of
finite homomorphic images as F does?

We note that the answer is “yes” for a free metabelian group of finite
rank – see [153].

(F15) (V. Shpilrain) Let F be a non-cyclic free group, and R a non-cyclic
subgroup of F . Suppose that the commutator subgroup [R, R] is a normal
subgroup of F . Is R necessarily a normal subgroup of F?

This question was motivated by the following result of [5]: if R and S are
normal subgroups of F , and [R,R] ⊆ [S, S], then R ⊆ S. M. Dunwoody [46]
showed that the condition on R being normal cannot be dropped, but it is
not known whether or not the condition on S being normal can be dropped.

∗(F16) (V. Remeslennikov) Let R be the normal closure of an element r in
a free group F with the natural length function, and suppose that s is an
element of minimal length in R. Is it true that s is conjugate to one of the
following elements: r, r−1, [r, f ], or [r−1, f ] for some element f ?

This question was motivated by a well-known result of Magnus (see e.g.
[124]): if two elements, r and s, of a free group F have the same normal
closure in F , then s is conjugate to r or r−1.

The negative answer has been recently given by J.McCool in [136]. His
preprint is available at
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http://zebra.sci.ccny.cuny.edu/web/problems/mccool.ps

(F17) (M.Wicks) Let Fn be a non-cyclic free group of rank n, and P (n, k)
the number of its primitive elements of length k. What is the growth of
P (n, k) as a function of k, with n fixed ?

We note that the function P (n, k) is recursive, i.e., its values can be
actually computed.

It is shown in [27] that for some constants c1, c2, one has c1 · (2n− 3)k ≤
P (n, k) ≤ c2 · (2n− 2)k if n ≥ 3. The preprint is available at
http://zebra.sci.ccny.cuny.edu/web/shpil/measurefin5.ps

For n = 2, the precise number of cyclically reduced primitive elements of
length k is given in [148]. The preprint is available at
http://zebra.sci.ccny.cuny.edu/web/shpil/orbit.ps

(F18) (C. Sims) Is the c-th term of the lower central series of a free group
of finite rank the normal closure of basic commutators of weight c ?

This is known to be true for c ≤ 5.
∗(F19) (A. Gaglione, D. Spellman) Let F be a non-cyclic free group, and G
the Cartesian (unrestricted) product of countably many copies of F . Is the
group G/[G,G] torsion-free?

There is a 2-torsion in this group – see [103].
∗(F20) (L. Comerford) If an equation over a free group F has no solutions
in F , is there a finite quotient of F in which the equation has no solutions?
(If so, this provides another proof of Makanin’s theorem).

The answer was shown to be negative in [38].

(F21) (P. M. Neumann) Let G be a free product amalgamating proper sub-
groups H and K of A and B, respectively. Suppose that A,B, H, K are free
groups of finite ranks. Can G be simple?

It cannot if H and K are of infinite index – see [33].
Recently, S. V. Ivanov and P. Schupp [92] have strengthened this result

by showing that the answer is still negative if either one of the subgroups
H, K has infinite index in A or B, respectively.

We also note that the affirmative solution of this problem was announced
in [30].

(F22) (A. Olshanskii) Does the free group of rank 2 have an infinite as-
cending chain of fully invariant subgroups, each being generated (as a fully
invariant subgroup) by a single element?

(F23) (A. Myasnikov, V. Remeslennikov) Let G be a free product of two
isomorphic free groups of finite ranks amalgamated over a finitely generated
subgroup.
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∗(a) Is the conjugacy problem solvable in G?
(b) Is there an algorithm to decide if G is free ?
(c) Is there an algorithm to decide if G is hyperbolic?

If the amalgamated subgroup is cyclic then the first two problems have
affirmative answers:

(a) is due to S. Lipschutz [117]. See also [118], and
(b) is due to Whitehead since a one-relator group is free if and only if

the relator is part of a basis of the ambient free group.
It has been brought to our attention by C. F. Miller that a slight ad-

justment of the argument in Theorem 10 of [141] shows that there are free
products of two free groups of the same finite rank with finitely generated
amalgamated subgroups, that have unsolvable conjugacy problem.

(F24) (G. Baumslag, A. Myasnikov, V. Remeslennikov) Is a free product
of two equationally noetherian groups equationally noetherian? (A group is
called equationally noetherian if every system of equations in finitely many
variables in this group is equivalent to a finite subsystem.)

R. Bryant [29] and V. Guba [71] proved that free groups are equationally
noetherian. See also [175].

For a general discussion on this and related problems, we refer to [16].

(F25) (A. Myasnikov, V. Shpilrain) Let u be an element of a free group
Fn, whose length |u| cannot be decreased by any automorphism of Fn. Let
A(u) denote the set of elements {v ∈ Fn; |v| = |u|, f(v) = u for some
f ∈ Aut(Fn)}.
(a) Is it true that the cardinality of A(u) is bounded by a polynomial function
of |u| ?
(b) If the free group has rank 2, is it true that the cardinality of A(u) is
bounded by c · |u|2 for some constant c, which is independent of u ?

This question was motivated by complexity issues for Whitehead’s algo-
rithm that determines whether or not a given element of a free group of finite
rank is an automorphic image of another given element. It is known that
the first part of this algorithm (reducing a given free word to a free word
of minimal possible length by “elementary” Whitehead automorphisms) is
pretty fast (of quadratic time with respect to the length of the word). On
the other hand, the second part of the algorithm (applied to two words of
the same minimal length) was always considered very slow. In fact, the pro-
cedure outlined in the original paper by Whitehead suggested this part of
the algorithm to be of superexponential time with respect to the length of
the words.

However, a standard trick in graph theory shows that there is an algo-
rithm of at most exponential time. Whether or not this algorithm is actu-
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ally of polynomial time, is unknown. The affirmative answer to the problem
(F25)(a) would imply that indeed it is.

Recently, A. Myasnikov and V. Shpilrain [148] showed that the answer to
(F25)(a) is affirmative for the free group of rank 2. The preprint is available
at http://zebra.sci.ccny.cuny.edu/web/shpil/orbit.ps

We note that computer experiments suggest that the answer to (F25)(b)
is affirmative as well, with c = 8.

(F26) (M. Bestvina) Let φ, ψ be two automorphisms of a free group Fn. Is
it true that the intersection of Fix(φ) and Fix(ψ) equals Fix(α) for some
automorphism α of Fn ?

The answer is known to be positive for the free group of rank 2 – see
[181].

In a free group of arbitrary finite rank, the intersection of Fix(φ) and
Fix(ψ) is always a free factor of some Fix(α) – see [132].

(F27) (W. Magnus) Let u be an element of a free group Fn. An element r
in Fn is called a normal root of u if u belongs to the normal closure of r in
the group Fn. Can an element u, which does not belong to the commutator
subgroup [Fn, Fn], have infinitely many non-conjugate normal roots ?

Magnus himself considered some special cases – see [127]. In particular,
he showed that if u is primitive, then, up to conjugacy and inversion, the only
normal root of u is u itself, whereas if u = [x, y], then, apart from conjugates
of u and its inverse, normal roots of u are just the primitive elements of
F2. Magnus also found the normal roots of xpyp whenever p is a prime, and
Steinberg [176] extended this to finding all roots of xpyq whenever p, q are
primes.

Recently, J. McCool [135] showed that if u is of the form xkyl, then u
has only finitely many normal roots, and those can be found algorithmically.
He also gives a description of the set of normal roots of any element of the
form [xk, y].

(F28) (S. Sidki) Let S be a subgroup of index 2 in the group F2, and let R
be an isomorphic copy of S (in F2). Denote by f an isomorphism between S
and R. Is there necessarily a non-trivial subgroup H in S which is invariant
under f ?

For a general setup that motivated this problem, we refer to a recent
preprint [149], which is available at
http://zebra.sci.ccny.cuny.edu/web/problems/sidki.ps

(F29) (W. Dicks, E. Ventura) Let H be a subgroup of a free group Fn, and
let r(H) denote the rank of H. We call H inert if r(H ∩K) is not bigger
than r(K) for any subgroup K of Fn. Is every retract of Fn inert?

Compare to the problems (F8) and (F11).
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(F30) (W. Dicks, E. Ventura) Let H be a subgroup of a free group Fn, and
let r(H) denote the rank of H. We call H compressed if r(H) is not bigger
than r(K) for any subgroup K containing H. If H is compressed in Fn, is
H necessarily inert ? (See the previous problem (F29).)

Clearly, if a subgroup of Fn is inert (see problem (F29)), then it is com-
pressed in Fn. By the Nielsen-Schreier formula, the two notions coincide for
subgroups of finite index in Fn.

Note also that, since every retract of Fn is compressed, the affirmative
answer to this problem would imply the affirmative answer to the problem
(F29).

(F31) (J. Stallings) The equalizer of two homomorphisms α, β : Fn → Fm

is the group Eq(α, β) = {x ∈ Fn : α(x) = β(x)}. Is it true that if α is
injective, then the rank of Eq(α, β)) is at most n ?

In [174], Stallings notes that there are two homomorphisms from a free
group of rank 2 to a free group of rank 1, whose equalizer is not finitely
generated.

However, if both m,n ≥ 2, then the equalizer Eq(α, β)) is finitely gener-
ated – this was proved in [63].

In the case where α is injective and β can be lifted to an injective en-
domorphism of Fm, the rank of Eq(α, β)) is indeed bounded by n – see
[45].

Finally, we note that G. Bergman showed in [20] that if there is a map
γ : Fm → Fn such that γα and γβ are both the identity on Fn, then Eq(α, β)
is an intersection of free factors of Fn. In particular, the rank of Eq(α, β) is
bounded by n in that case.

(F32) An automorphism of a free group F is called an IA-automorphism if it
is Identical on the Abelianization F/[F, F ]. Obviously, all IA-automorphisms
form a (normal) subgroup IA(F ) of the group Aut(F ). Is the group IA(Fn)
finitely presented for n > 3 ?

By a result of Magnus, the group IA(Fn) is finitely generated for every n.
By a classical result of Nielsen, IA(F2) is isomorphic to F2 and is therefore
finitely presented (see the discussion after Proposition I.4.5 in [124]).

J. McCool and S. Krstic [137] proved that the group IA(F3) is NOT
finitely presented. The problem remains open for n > 3.

(F33) (A. Casson) Let φ be an automorphism of Fn. Is it true that there
is a subgroup K of finite index in Fn, invariant under φ, such that every
eigenvalue of φK is equal to a root of 1, where φK denotes the induced au-
tomorphism of K/[K, K] ?

(F34) (A. Myasnikov, V. Shpilrain) Let Fn be the free group of a finite rank
n, with generators x1, ..., xn. An element u of Fn is called positive if no xi
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occurs in u to a negative exponent. An element u is called potentially positive
if α(u) is positive for some automorphism α of the group Fn. Finally, u is
called stably potentially positive if it is potentially positive as an element of
Fm for some m ≥ n.
(a) Is the property of being potentially positive algorithmically recognizable?
(b) Are there stably potentially positive elements of Fn that are not poten-
tially positive ?

Originally, these problems were motivated by recent results of B. Khan
[98] and J. Meakin and P. Weil [139], who established the Hanna Neumann
conjecture (see Problem (O9)) in the case where one of the subgroups has a
positive generating set.

Clearly, the cited result remains valid upon replacing “positive” with
“potentially positive” or even with “stably potentially positive”.

3 One-relator Groups

(OR1) (G. Baumslag) Are all one-relator groups with torsion residually
finite?

For a background to this problem, see the survey [12].
Several partial (positive) results were recently obtained by D. Wise [183].

His preprint is available at http://www.math.mcgill.ca/wise/papers.html

(OR2) Is the isomorphism problem solvable for one-relator groups with
torsion?

See the background to the problem (O4).

(OR3) (A. Myasnikov) Is the complexity of the word problem for every one-
relator group quadratic, i.e., is there for every one-relator group an algorithm
solving the word problem in quadratic time with respect to the length of a
word? In polynomial time?

(OR4) Is the generalized word problem solvable for one-relator groups? That
is, is there an algorithm for deciding if a given element of the group belongs
to a given finitely generated subgroup?

(OR5) Is it true that if the relation module of a group G is cyclic, then G
is a one-relator group?

J. Harlander [77] showed that the answer is “yes” in the case where G is
finitely generated and solvable.

(OR6) (G. Baumslag) Let H = F/R be a one-relator group, where R is
the normal closure of an element r ∈ F . Then, let G = F/S be another
one-relator group, where S is the normal closure of s = rk for some integer
k. Is G residually finite whenever H is ?
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See the survey [12].

(OR7) (G. Baumslag) Let G = F/R be a one-relator group with the relator
from [F, F ].
(a) Is G hopfian ?
∗(b) Is G residually finite ?
∗(c) Is G automatic ?

A solution of the problems (b) and (c) was communicated to us by A.Olshan-
skii. In fact, the commutator subgroup [F, F ] can be replaced here by any
non-cyclic subgroup of a free group F ; the answer will still be negative.
It follows from a result of A. Olshanskii [155] that for any m, every non-
cyclic subgroup H of F contains a subgroup K, which is a free group of
rank m, with the following property: for any normal subgroup U of K, the
intersection of K and the normal closure of U in F is again U .

To apply this result to our situation, take two elements, x and y, that
generate a subgroup K = F2 of H = [F, F ] with the property described
above. Let r be a Baumslag-Solitar relator built on these two elements;
for example, take r = xyx−1y−2. Let U be the normal closure (in K) of
r. Then, from what is said in the previous paragraph, it follows that the
normal closure of U in F (call it V ) intersects K in U . Therefore, the
(one-relator) group F/V contains a subgroup KV/V which is isomorphic to
a Baumslag-Solitar group, hence F/V can be neither residually finite nor
automatic.

(OR8) (G. Baumslag) The same as (OR7), but for a relator of the form
[u, v].

This problem, as well as (OR7)(a), is motivated by the desire to find a
non-hopfian one-relator group which is essentially different from any of the
Baumslag-Solitar groups [19].

(OR9) (D.Moldavanskii) Are two one-relator groups isomorphic if each of
them is a homomorphic image of the other?

(OR10) Is every one-relator group without non-abelian metabelian subgroups,
automatic?

Note that hyperbolic groups are automatic, and, in particular, an amal-
gamated product of two free groups with finitely generated subgroups amal-
gamated is hyperbolic if at least one of the subgroups is malnormal [101].

Furthermore, an amalgamated product of two finitely generated abelian
groups is automatic [14].

(OR11) (C.Y.Tang) Are all one-relator groups with torsion conjugacy sep-
arable?

(OR12) Are all freely indecomposable one-relator groups with torsion co-
hopfian?

16



(OR13) (a) Which finitely generated one-relator groups have all generating
systems (of minimal cardinality) Nielsen equivalent to each other ?
(b) Which finitely generated one-relator groups have only tame automor-
phisms (i.e., automorphisms induced by automorphisms of the ambient free
group)?

For surveys on Nielsen equivalence in groups, we refer to [166] and [74].

(OR14) (G. Baumslag, D. Spellman) Describe one-relator groups which are
discriminated by a free group.

We note that recently, O. Kharlampovich and A. Myasnikov [100] proved
that every finitely generated group which is discriminated by a free group can
be obtained from a free group by applying finitely many free constructions
of a very particular type.

(OR15) If G is a one-relator group with the property that every subgroup
of finite index is again a one-relator group, and every subgroup of infinite
index is free, must G be a surface group?

(OR16) Let S(n) be the orientable surface group of genus n.

(a) Are the groups S(n) and S(m) (m,n ≥ 2) elementary equivalent? (i.e.,
Th(S(m)) = Th(S(n))?)
(b) Is S(m) elementary equivalent to F2m, the free group of rank 2m ?

4 Finitely Presented Groups

Although finitely generated free groups and one-relator groups are finitely
presented, we believe they deserve special sections, so you won’t find them
here.

(FP1) The triviality problem for groups with a balanced presentation (the
number of generators equals the number of relators). See also problem (O1).

(FP2) Can a non-trivial finitely presented group be isomorphic to its direct
square?

We note that there are infinitely presented (but finitely generated) groups
with this property – see [94]. Moreover, the same author has constructed,
for any n ≥ 2, a (infinitely presented) group G isomorphic to its nth direct
power Gn, but non-isomorphic to Gk for any k, 1 < k < n – see [95].

(FP3) (M. Kervaire, F. Laudenbach) Let Fn/R = 〈x1, ..., xn|r1, ..., rm〉 be a
presentation of a non-trivial group. Is it true that a group 〈x1, ..., xn, xn+1|
r1, ..., rm, s〉 is also non-trivial for any element s from Fn+1 ?
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It is clear from considering abelianization that, if G = Fn/R is a coun-
terexample, then G must be perfect, i.e., G = [G,G]. Also, it suffices to
consider the case where G is an infinite simple group.

There are several related problems about (systems of) equations over
groups. We only give one of them here; it appears as Problem 2a on Lyndon’s
list [123]:

If, in the above notation, the sum of exponents on xn+1 in s is not 0,
does the equation s = 1 always have a solution over G?

For results on the latter problem, we refer to [107] and [34]. For other
related problems, we refer to [82].
∗(FP4) (R. Bieri, R. Strebel) Is it true that if the relation module of a group
G is finitely generated, then G is finitely presented ?

M. Bestvina and N. Brady [21] gave a negative solution of this problem.
Explicit presentations of their groups were later given by W. Dicks and I.
Leary [44].

(FP5) (J. Stallings) If a finitely presented group is trivial, is it always pos-
sible to replace one of the defining relators by a primitive element without
changing the group?

It is easy to see that the answer is affirmative if the group has rank 2;
this is due to the fact that in the free group of rank 2, any element is in the
normal closure of a primitive element.

(FP6) (C.Y.Tang) Is there a non-free non-cyclic finitely presented group all
of whose proper subgroups are free?

(FP7) Is every knot group virtually free-by-cyclic?

For various properties of knot groups, we refer to the book [151].
∗(FP8) (G. Baumslag) Is every finitely generated group discriminated by a
free group, finitely presented?

It is: see [100].
∗(FP9) (G. Baumslag) Is a finitely generated free-by-cyclic group finitely
presented?

It is; see [53].

(FP10) (G. Baumslag, F. B. Cannonito, C. F. Miller) Is every countable
locally linear group embeddable in a finitely presented group?

(FP11) (A.Olshanskii) If a relatively free group is finitely presented, is it
virtually nilpotent?

(FP12) (S. Ivanov) Is every finitely presented Noetherian group virtually
polycyclic?
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(FP13) (M. I. Kargapolov) Is every residually finite Noetherian group vir-
tually polycyclic?

Compare to the problem (FP12).

(FP14) (J. Wiegold) Is every finitely generated perfect group G (i.e., [G,G] =
G) the normal closure of a single element?
∗(FP15) (P. Scott) Let p, q, r be distinct prime numbers. Is the free product
Zp ∗ Zq ∗ Zr the normal closure of a single element?

No, it is not; see [83].

(FP16) (D.Anosov) Is there a non-cyclic finitely presented group each ele-
ment of which is a conjugate of some power of a single element?

(FP17) (V. N. Remeslennikov) Is every countable abelian group embeddable
in the centre of some finitely presented group?
∗(FP18) (R. Hirshon) Let G be a finitely generated residually finite group,
and φ an endomorphism of G. Is it true that φk+1(G) is isomorphic to
φk(G) for some k?

R. Hirshon himself [79] proved the assertion in the case where φ(G) has
finite index in G. However, the answer is negative in general [182].

(FP19) (J. Makowsky) Is there an infinite finitely presented group with
finitely many conjugacy classes ?

J. Makowsky [131] pointed out that the affirmative answer to this prob-
lem would give an example of a complete finitely axiomatizable theory T
which is categorical in uncountable cardinals but not ω–categorical. Sub-
sequently, examples of such theories were given by Peretyat’kin (1980) and
others (see [Hodges, Model theory, p. 619]).

We also note that S. Ivanov has constructed examples, for big numbers
p, of finitely generated (but infinitely presented) infinite groups of period p
with precisely p conjugacy classes. These examples are included as Theorem
41.2 in [156].

(FP20) (V. Guba) Is there a finitely generated group, other than Z2, with
exactly 2 conjugacy classes ?

Compare to the problem (FP19).

(FP21) (E. Zelmanov) Let Fn be the free group of rank n, and Pm,n the
subgroup of Fn generated by mth powers of all primitive elements of Fn.
(This subgroup is obviously normal in Fn). Is it true that the factor group
BP (n,m) = Fn/Pm,n is NOT residually finite for sufficiently large m ?

(FP22) Are there finitely generated 2-relator groups with unsolvable word
problem ?
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∗(FP23) (B. Fine) Let G be an n-generator group. Call a set of elements
{g1, ..., gk}, k ≤ n, a test set for the group G if, whenever ϕ(gi) = gi, i =
1, ..., k, for some endomorphism f of the group G, this ϕ is actually an
automorphism of G. The test rank of G is the minimal cardinality of a test
set. Can the test rank be equal to 2 if n > 2 ?

A single element g ∈ G is called a test element (see [170]) if, whenever
φ(g) = g for some endomorphism ϕ of the group G, this ϕ is an automor-
phism of G. Thus, if G has a test element, the test rank of G is 1. For
example, any free group of finite rank has test rank 1. On the other hand,
there are groups (for example, free abelian groups of finite rank) whose test
rank equals their rank. (Obviously, it cannot be bigger than that.)

E. I. Timoshenko [180] proved that a free metabelian group of rank > 2
has test rank 2.

C. F. Rocca Jr. and E. Turner [164] have shown recently that for any
pair of integers (k, n) with 1 ≤ k ≤ n, there are finitely generated abelian
groups of rank n and test rank k.

(FP24) Let G be a finitely presented group, H the intersection of all normal
subgroups of finite index in G. Can G/H have unsolvable word problem?

(FP25) (R. I. Grigorchuk) Is it true that every finitely presented group con-
tains either a free 2-generator semigroup, or a nilpotent subgroup of finite
index?

5 Hyperbolic and Automatic Groups

(H1) (a) Are hyperbolic groups residually finite?
(b) Does every hyperbolic group have a proper subgroup of finite index?

I. Kapovich and D. Wise [96] proved the equivalence of (a) and (b).

(H2) Are hyperbolic groups linear?

(H3) Do hyperbolic groups with torsion have solvable isomorphism problem?

We note that Z. Sela [168] has solved the isomorphism problem for
torsion-free hyperbolic groups that do not split (as an amalgamated product
or an HNN extension) over the trivial or the infinite cyclic group.

(H4) (A. Myasnikov) Given a finite presentation of a hyperbolic group (which
is not necessarily a Dehn presentation), is it possible to find a Dehn presen-
tation for this group in polynomial time?

Note that every hyperbolic group has a Dehn presentation – see [125].

(H5) (A. Myasnikov) Given a finite presentation of an automatic group, can
one decide if this group is hyperbolic?
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P. Papasoglu [157] gave a partial algorithm to recognize hyperbolic groups.
Given a finite presentation 〈S,R〉, the algorithm terminates if the group
G = 〈S,R〉 is hyperbolic and gives an estimate of the hyperbolicity constant
δ.

(H6) (S. Gersten) Are all automatic groups biautomatic?

For a background on problems (H6) through (H10) we refer to [60].

(H7) (S. Gersten) Does every automatic group have a solvable conjugacy
problem?

(H8) (S. Gersten) Is every biautomatic group which does not contain any
Z × Z subgroups, hyperbolic?

(H9) (S. Gersten) Can the group < x, y; yxy−1 = x2 > be a subgroup of an
automatic group?

(H10) (S. Gersten) Is a retract of an automatic group automatic?

(H11) Does every hyperbolic group act properly discontinuously and co-
compactly by isometries on a CAT (k) space, where k < 0?

(H12) (G. Baumslag, A. Myasnikov, V. Remeslennikov) Is every hyperbolic
group equationally noetherian? (A group is called equationally noetherian if
every system of equations in finitely many variables in this group is equivalent
to a finite subsystem).

For a background on equationally noetherian groups, we refer to [17].
Here we just mention that free groups are equationally noetherian; this is
due to R. Bryant [29] and V. S. Guba [71].

For a general discussion on this and related problems, we refer to [16].

(H13) Are combable groups automatic?

(H14) (A. Myasnikov) We call a subgroup H of a group G malnormal if for
any element g in G, but not in H, one has Hg ∩ H = {1}. Is this prop-
erty algorithmically decidable for finitely generated subgroups of a hyperbolic
group?

We note that malnormality is decidable in free groups – see [15]. Another
idea on how to check malnormality is essentially contained in [174].

On the other hand, there is no algorithm that determines for any hy-
perbolic group G and its arbitrary finitely generated subgroup H whether
H is malnormal in G or not – see [28].

We note that there exists an algorithm (due to D.Holt) which decides
whether or not a given finitely generated quasiconvex subgroup of a hyper-
bolic group is malnormal.

(H15) (A. Myasnikov) If a finitely generated subgroup H of a hyperbolic
group is malnormal (see above), does it follow that H is quasiconvex?
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(H16) Is every metabelian automatic group virtually abelian ?

Note that a finitely generated nilpotent group is automatic if and only if
it is virtually abelian – see [51].

6 Braid Groups

See also problem (O10).
∗(B1) Are braid groups linear?

There are two canonical representations of braid groups by matrices over
Laurent polynomial rings – the Burau and Gassner representations (the lat-
ter is actually a representation of the pure braid group which is a subgroup
of finite index in the whole braid group). Both of these representations are
faithful for n = 2, 3 (a general reference here is [26]). A proof of the Gassner
representation being faithful for every n (which implies braid groups being
linear) was claimed in [6]. However, there is a controversy around this paper
since several people believe they have found essential gaps in the proof (see
J. S. Birman’s review article 98h:20061 in Math. Reviews). This makes us
consider Problem (B2) open.

Problem (B1) has been recently settled in the affirmative by S. Bigelow
[25] and D. Krammer [109], who proved that the Krammer representation
of the braid group Bn is faithful for every n, and therefore all braid groups
are linear. For n = 4, see also [108].

(B2) Is the Gassner representation of the pure braid group Pn faithful for
every n ?

See the background to (B1).

(B3) Is the Burau representation of the braid group Bn faithful for n = 4?

The Burau representation was shown to be non-faithful for n ≥ 10 in
[143], and then for n ≥ 6 in [119]. More recently, S. Bigelow [24] has shown
that the answer is negative for n = 5 as well.

On the other hand, it is known that the Burau representation is faithful
for n = 3 [128].

(B4) (J. Birman) Let F = Fn be the free group of rank n generated by
a1, ..., an. Is there a solution of the equation y1a1y

−1
1 ...ynany−1

n = a1...an

with all yi from the second commutator subgroup F ′′ ?

The answer is “no” if and only if the Gassner representation of the pure
braid group Pn is faithful – cf. problem (B2).
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(B5) (J. Birman) Give necessary and sufficient conditions for a square ma-
trix over Laurent polynomial ring to be the Burau matrix of some braid.

For a background, see [26].

(B6) (V.Lin) Let n ≥ 4.
(a) Does the braid group Bn have a non-trivial non-injective endomorphism?
(b) Is it true that every non-trivial endomorphism of the commutator sub-
group [Bn, Bn] is an automorphism ?

For a background and discussion on the problems (B6)–(B8), we refer to
a recent preprint by V.Lin [116] which can be either found on the Max Planck
Institut für Mathematik electronic preprint server, or requested from the au-
thor at vlin@techunix.technion.ac.il. Here we only note that automorphisms
of braid groups were described in [50].
∗(B7) (V.Lin) Let n ≥ 4.
(a) Does the braid group Bn have a proper torsion-free non-abelian factor
group?
(b) Does the commutator subgroup [Bn, Bn] have a proper torsion-free factor
group?

S. Humphries [85] has constructed a representation of the group Bn which
is shown to provide torsion-free non-abelian factor groups of Bn as well as
of the commutator subgroup [Bn, Bn] for n < 7. It is likely that the same
representation should work for other values of n as well.

(B8) (V.Lin) Let n ≥ 4.
(a) Is it true that every automorphism of the commutator subgroup [Bn, Bn]
can be extended to an automorphism of the whole group Bn ?
(b) Is it true that every non-trivial endomorphism of [Bn, Bn] can be ex-
tended to an endomorphism of Bn ?

(B9) (P. Dehornoy) We call a braid word w σ-positive (resp. σ-negative) if
the generator σi with minimal index occurs only with positive (resp. negative)
exponents in w. Is it true that, for every n, there exists a constant c(n) such
that every n-strand braid word of length N is equivalent to a σ-positive or a
σ-negative braid word of length c(n) ·N at most ?

(B10) (P. Dehornoy) Say that a braid is special if it can be obtained from the
trivial braid by using iteratively the self-distributive exponentiation a ∧ b =
a Ω(b) σ1 Ω(a)−1, where Ω is the shift endomorphism of B∞ that maps σi

to σi+1 for every i. How many special braids are there in Bn ?

For a general background to the problems (B9) and (B10), we refer to
the monograph [39].
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(B11) (G. Makanin) Is it true that in any group Bn, gk = hk for some k 6= 0
implies that g is conjugate to h ?

(B12) (V. Shpilrain) Let Kn be the kernel of the Burau representation of
the braid group Bn, n > 4. Is the factor group Bn/Kn torsion free ?

An affirmative answer to this problem would also imply a solution of the
problem (B7).

7 Nilpotent Groups

∗(N1) (A. Myasnikov) Let G be a free nilpotent group of finite rank. Suppose
an element g ∈ G is fixed by every automorphism of G. Is it true that g = 1?

V.Bludov has communicated the following example of a non-trivial el-
ement g of a free nilpotent group of rank 2 and nilpotency class k ≥ 8,
which is fixed by every automorphism: g = [a, [a, b], [a, b, b], [a, b], ..., [a, b]],
where there are (2k− 3) occurrences of [a, b] after [a, b, b]. (Here a and b are
generators of the free nilpotent group).

Recently, A. Papistas [158] and, independently, E. Formanek [54] have
solved this problem completely by classifying all pairs (r, c) for which F (r, c),
the free nilpotent group of rank r and class c, has nontrivial elements fixed
by all automorphisms.

(N2) Let G be a finitely generated nilpotent group. Is the Dehn function of
G equivalent to a polynomial?

Let P = 〈X | R〉 be a finite presentation of a group G, F (X) a free
group on X, and ncl(R) the normal closure of R in F (X). The “area” of
w ∈ ncl(R) is defined by

A(w) = min{ m | w =
m∏

i=1

c−1
i rei

i ci, ci ∈ F (X), ri ∈ R, ei = ±1}.

Now, the isoperimetric function of the presentation P is given by

ΦP (n) = max{ A(w) | w ∈ ncl(R), |w| ≤ n},

where |w| is the length of w in F (X).
Let N be the set of all non-negative integers. For functions f, h : N → N

we define a relation f ¹ h iff there exists a constant K such that f(n) ≤
K · h(Kn) + Kn for every n ∈ N. We write f ' h iff f ¹ h and h ¹ f . It is
not hard to show that if P and Q are two finite presentations of a group G,
then ΦP ' ΦQ. Any function equivalent to ΦP is called the Dehn function
of G. From now on, we shall denote the Dehn function of a group G by ΦG.
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S. Gersten [59] proved that for any finitely generated nilpotent group G,
ΦG is bounded by a polynomial of degree 2h, where h is the Hirsch length
of G. G. Conner [36] improved the bound on the degree to 2c, where c is
the nilpotency class of G. Recently, C.Hidber [78] proved that ΦG ¹ n2c. It
is known that if G is a free nilpotent group of class c, then ΦG ' nc+1, in
particular, ΦG is equivalent to a polynomial. Whether or not this is true in
general, is still an open problem.

(N3) (B. I. Plotkin) Is it true that every locally nilpotent group is a homo-
morphic image of a torsion-free locally nilpotent group?

(N4) (G. Baumslag) Let G be a finitely generated torsion-free nilpotent
group. Is it true that there are only finitely many non-isomorphic groups
in the sequence Aut(G), Aut(Aut(G)), ... ?

J. Hamkins [76] established the property in the title of his paper.

(N5) (G. Baumslag) Is the property of being directly indecomposable decid-
able for finitely generated nilpotent groups?

(N6) (A. Myasnikov) Describe all finitely generated nilpotent groups of class
2 which have genus 1. (We say that a group G has genus 1 if every group
with the same set of finite homomorphic images as G, is isomorphic to G).

See the background to the problem (F14).

(N7) Is every group with an Engel identity [x, y, ..., y] = 1, locally nilpotent?

8 Metabelian Groups

Some of the problems about free groups (particularly (F1), (F3)) are also of
interest when asked about free metabelian groups.

(M1) The isomorphism problem for finitely presented metabelian groups.

There is an algorithm to determine whether or not a given finitely gener-
ated metabelian group is free metabelian – see [70] and the paper by Noskov
cited in the background to the problem (F14).

We also note that “most” algorithmic problems about finitely presented
metabelian groups are solvable – see [13] and references thereto.

(M2) Is the automorphism group of a free metabelian group of rank > 3
finitely presented ?

The automorphism group of a free metabelian group of finite rank is
known to be finitely generated unless the rank equals 3 – see [9] and [8].

(M3) (F. B. Cannonito) Is there an algorithm which decides whether or not
a given finitely presented solvable group is metabelian?
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(M4) (P. Hall) Are projective groups of infinite countable rank in the class
of metabelian groups free metabelian?

For groups of finite rank, the answer is affirmative – see [4].

(M5) (G. Baumslag) What can one say about the integral homology of a
finitely generated metabelian group?

For a survey on homological properties of metabelian groups, we refer to
[111].
∗(M6) (V. Shpilrain) Is it true that every IA-automorphism of a free metabelian
group of finite rank has a non-trivial fixed point?

For a background, we refer to [173].
The problem was recently answered in the negative by M. Kassabov [97].

∗(M7) (R. Goebel) Is there a group which is NOT isomorphic to the outer
automorphism group of any metabelian group with a trivial centre?

No, there is no such group – see [62].

9 Solvable Groups

(S1) (A. I. Mal’cev) Describe the automorphism group of a free solvable
group of finite rank. In particular, is this group finitely generated?

The automorphism group of a free solvable group of derived length > 2
and rank > 2 cannot be generated by elementary Nielsen automorphisms –
see [72] and [169]. Moreover, every free solvable group of derived length d > 2
and rank r > 2 has automorphisms that cannot be lifted to automorphisms
of the free solvable group of derived length d + 1 and the same rank r – see
[171]. It is not known however whether or not those automorphism groups
are finitely generated.

(S2) (M. I. Kargapolov)The word problem for groups admitting a single
defining relation in the variety of all solvable groups of a given derived length.

We note that the word problem for groups admitting finitely many defin-
ing relations in the variety of all solvable groups of a given derived length
> 2 is, in general, unsolvable – see [99].

(S3) (M. I. Kargapolov) Is it true that every group of rank > 2 admitting a
single defining relation in the variety of all solvable groups of a given derived
length, has trivial centre?

E.Timoshenko [179] settled this problem in the affirmative for metabelian
groups. C. K. Gupta and V. Shpilrain [73] settled the problem (also in
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the affirmative) for solvable groups of arbitrary derived length, under an
additional assumption that the relator is not a proper power modulo any
term of the derived series.

(S4) (M. I. Kargapolov) Is there a number N = N(k, d) such that every
element of the commutator subgroup of a free solvable group of rank k and
derived length d, is a product of N commutators?

The answer is “yes” for free metabelian groups – see [2] and for free
solvable groups of derived length 3 – see [163].

(S5) (P. M. Neumann) Is it true that if A,B are finitely generated solvable
Hopfian groups, then A×B is Hopfian?

(S6) (V. N. Remeslennikov) The conjugacy problem for finitely generated
abelian-by-polycyclic groups.

(S7) (D. Robinson) Is there a finitely presented solvable group satisfying the
maximum condition on normal subgroups, with unsolvable word problem?

(S8) (G. Baumslag, V. Remeslennikov) Is a finitely generated free solvable
group of derived length 3 embeddable in a finitely presented solvable group?
∗(S9) (B. Fine, V. Shpilrain) Let u be an element of a group G. We call u
a test element if, whenever φ(u) = u for some endomorphism φ of the group
G, this φ is actually an automorphism of G. Does the free solvable group of
rank 2 and derived length d > 2 have any test elements?

The most obvious candidate for a test element in a group generated by
x and y would be u = [x, y]. This however is not a test element in a free
solvable group of derived length d > 2 – see [75]

Recently, V. Roman’kov [165] has constructed test elements in the free
solvable group of rank 2 and derived length 3.

It is plausible that the same method can be used for constructing test
elements in the free solvable group of any bigger rank as well, but technically
it is getting more complicated.

We also mention a related result of E. I. Timoshenko [180] who proved
that a free metabelian group of rank > 2 does not have any test elements.
It was previously known [47] that the free metabelian group of rank 2 does
have test elements, for example, u = [x, y].

10 Groups of Matrices

(MA1) Is the group GL2(Z[t, t−1]), i.e., the group of invertible matrices
over the ring of one-variable Laurent polynomials with integral coefficients,
generated by elementary and diagonal matrices ?
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∗(MA2) Find a particular matrix from GL2(Z[t, t−1, s, s−1]), which is not
a product of elementary and diagonal matrices.

M. Evans [52] has recently found such matrices. It was previously known
due to [7] that such matrices do exist.

(MA3) The generalized word problem for the group SL3(Z).

We note that for SL4(Z), the generalized word problem is unsolvable
since a direct product of two free groups embeds into SL4(Z).

(MA4) (S. Thomas) Does there exist a simple torsion-free linear group ?

(MA5) (A. L. Shmelkin) Is it true that identities of any linear group have
a finite basis ?

11 Growth

(G1) (S. I. Adian) Is it true that a finitely presented group has either poly-
nomial or exponential growth ?

The point here is that there are examples of groups of intermediate
growth (between polynomial and exponential), but all these groups are infi-
nitely presented – see [65], [66], [67], [69].

(G2) (R. I. Grigorchuk) (a) Is it true that there is a gap between polynomial
rate of growth and the rate of growth of the function e

√
n on the scale of

growth of finitely generated groups?
(b) Is there a finitely generated group G whose growth function is equivalent
to e

√
n ?

(G3) (M. Gromov, J. Lafontaine, P. Pansu) Is there a group of exponential,
but not uniformly exponential growth ?

A group G has uniformly exponential growth if there is c > 1 such that,
for any generating system of G, the growth function of G with respect to
this generating system is at least O(cn).

(G4) (R. I. Grigorchuk) Is it true that every finitely generated infinite simple
group has exponential growth ?

(G5) (R. I. Grigorchuk) Is it true that every hereditary just infinite group
(i.e., a residually finite group whose every subgroup of finite index is just
infinite) has either polynomial or exponential growth ?

(G6) (R. I. Grigorchuk) Is there a cancellative semigroup of subexponential
growth whose quotient group (if it exists) has exponential growth ?

(G7) (R. I. Grigorchuk) Let G be a group of subexponential growth, and let
f(n) be the number of different elements of length at most n in the group G.
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Does the limit (when n →∞) of the ratio f(n + 1)/f(n) always exist ?
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