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Abstract

We show that for any invertible matrix over an arbitrary group al-
gebra, it is possible to define a series of invariants which have most of
the properties of the usual commutative determinants. We also give one
of the applications of these invariants — to detecting Nielsen inequivalent
generating systems of various groups.

1 Introduction

Let F = Fn be the free group of a finite rank n > 2 with a fixed set {xi},
1 6 i 6 n, of free generators, and let R be a normal subgroup of F . Consider
the group G = F/R; two generating systems of this group of the same cardinal-
ity n are called Nielsen equivalent if one of them can be obtained from another
by applying a sequence of Nielsen transformations (see e.g. [16]). The question
of whether or nor any two minimal generating systems of a given group are
Nielsen equivalent has important connections with low-dimensional topology —
see e.g. [15]. This question is equivalent to the following one: is every gener-
ating system of a group G = F/R Nielsen equivalent to the “canonical” one
{x1R, . . . , xnR}? Generating systems with this property are called tame; one
can also say that such a system can be lifted to a generating system of F . Tame
automorphisms of a group G are defined in a similar fashion.

The questions of lifting automorphisms / generating systems are naturally
related to the problem of finding appropriate necessary and / or sufficient con-
dition(s) for an endomorphism of the group F to be an automorphism.

Nielsen [17] (see also [16]) has described the group AutF in terms of gen-
erators and relations and has also given an algorithm for deciding if n given
elements of the group F generate this group. However Nielsen’s procedure is
not suitable for our purposes since the elements under consideration are not
given explicitly.

Birman [6] has given a matrix characterization of automorphisms among
arbitrary endomorphisms as follows. Define the matrix Jφ = (dj(yi))16i,j6n
(the “Jacobian matrix” of φ), where dj denotes partial Fox derivation with re-
spect to xj in the free group ring ZF (see [12]). Then φ is an automorphism if
and only if the matrix Jφ is invertible over ZF . This result has been later gen-
eralized by Krasnikov [14]. He has proved the following: let R be an arbitrary
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normal subgroup of F , and let σR : F → F/R be the natural homomorphism; it
can be linearly extended to a homomorphism of group rings σR : ZF → Z(F/R).
Then elements y1, . . . , yn generate the group F modulo R′ if and only if the ma-
trix (σR(dj(yi)))16i,j6n is invertible over the ring Z(F/R).

It is this result of Birman that has been used as the initial point in obtaining
two powerful necessary conditions of tameness known by now.

The first approach comes from [8]; it gives a necessary condition for a matrix
of a special form with the entries from the integral group ring ZF to be invertible.
This condition does not formally use the fact that a matrix under consideration
is the Jacobian matrix of an automorphism. On the other hand, the second
necessary condition which is due to Lustig and Moriah [15], is explicitly based
on this fact: they consider the image of the Jacobian matrix in an appropriate
ring Mn(K) with K a commutative ring with 1, evaluate the determinant of
this image and then observe that this determinant should be equal to a trivial
unit of the ring K, i.e., to an element of the (multiplicative) group generated
by the images of ±x1, . . . ,±xn.

The method we are going to present in this paper has advantages of both just
mentioned. We consider a matrix over ZF , then evaluate something that serves
as a non-commutative analog of the determinant of this matrix and observe
that this non-commutative determinant must satisfy a condition similar to that
of [8]. This is described in our main Section 3. Furthermore, we show that our
method can be applied to matrices over arbitrary integral group rings as well
as to matrices over group algebras KG, K a field. In fact, we give a procedure
for detecting non-invertibility of an arbitrary square matrix over an arbitrary
group algebra (its effectivness though depends on what we know about group
algebra itself, so it is not an algorithm in the usual sense).

In the concluding Section 4, we give some applications of this technique to
detecting non-tame automorphisms / generating systems.

First we present a non-tame automorphism of the free 2-metabelian group
F3/(F

′
3)2 of rank 3 (Theorem 4.1) contributing toward a solution of Problem 4

from [4]; now this problem remains unsettled only for free p-metabelian groups
F3/(F

′
3)pF ′′ of rank 3 when p > 2 is a prime. The case when p is not a prime

has been recently settled by Papistas.
Also, upon combining our method with the above cited Krasnikov’s result,

we show that in many cases, if an automorphism of a group F/R cannot be lifted
to an automorphism of F , then in fact it cannot be lifted to an automorphism of
the group F/R′. In particular, we show that there are automorphisms of the free
metabelian group of rank 3, which cannot be lifted to automorphisms of the free
solvable group of rank 3 and derived length 3 (Theorem 4.4). This completes
the answer to Problem 5.49 (b) from [13] due to Remeslennikov (Corollary 4.5);
other cases of this problem are covered by results of [19].
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2 Preliminaries

Let KF be the group algebra of the group F over a commutative domain K,
and ∆ its augmentation ideal, that is, the kernel of the natural homomorphism
σ : KF → K. When R 6= F is a normal subgroup of F , we denote by ∆R

the ideal of KF generated by all elements of the form (r − 1), r ∈ R. It is
the kernel of the natural homomorphism σR : KF → K(F/R).

The ideal ∆ is a free left KF -module with a free basis {(xi− 1)}, 1 6 i 6 n,
and Fox derivations di are projections to the corresponding free cyclic direct
summands. Thus any element u ∈ ∆ can be uniquely written in the form
u =

∑
i di(u)(xi − 1).

One can extend these derivations linearly to the whole KF upon defining
di(1) = 0.

The following lemma is an immediate consequence of the definitions.

Lemma 2.1. Let J be an arbitrary right ideal of KF and let u ∈ ∆. Then
u ∈ J∆ if and only if di(u) ∈ J for each i, 1 6 i 6 n.

Proof of the next lemma can be found in [12].

Lemma 2.2. Let R be a normal subgroup of F , and let y ∈ F . Then:

(i) In the ring ZF , y − 1 ∈ ∆R∆ if and only if y ∈ R′.

(ii) In the ring ZmF , m > 2, y − 1 ∈ ∆R∆ if and only if y ∈ RmR′.

(iii) In the ring ZF , y − 1 ∈ ∆c if and only if y ∈ γc(F ), c > 1.

(iv) (see [18]). In the ring ZpF , p a prime, y − 1 ∈ ∆c if and only if

y ∈ γ
(p)
c (F ), c > 1, where γ

(p)
c (F ) denotes the c-th term of the Jen-

nings series defined inductively: γ
(p)
1 (F ) = F ; γ

(p)
c+1(F ) = [γ

(p)
c (F ), F ] ·

(γ
(p)
m (F ))p, where m is the minimal integer such that mp > c. (In partic-

ular, γ
(p)
2 (F ) = F ′F p.)

We also need the “chain rule” for Fox derivations (see [12]):

Lemma 2.3. Let v = v(x1, . . . , xm) be an element of KF , and y1, . . . , ym —
elements of F . Denote uk(x1, . . . , xm) = dk(v). Then:

dj(v(y1, . . . , ym)) =
∑

16k6m

uk(y1, . . . , ym)dj(yk).

Lemma 2.3 implies the following product rule for the Jacobian matrices
which looks exactly the same as in the “usual” situation of analytic functions
and Leibnitz derivations: if φ and ψ are two endomorphisms of F , then

Jφψ = ψ(Jφ) · Jψ, (1)

where by φψ we mean φ(ψ).
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We also note that Fox derivatives of higher weight can be defined in the ob-
vious way; we denote dij(u) = di(dj(u)).

Now we need one remark about Fox derivatives in integral group rings.
Whereas an arbitrary element of the ring ZF can be a Fox derivative of some
other element of ZF , Fox derivatives of group elements satisfy several conditions
which have been given in [10] in the form of relations between the augmenta-
tions of derivatives of different weights. We are not going to give all of them;
the following is sufficient for our purposes:

Lemma 2.4. Let g ∈ F . Then:

(i) (σ(di(g)))2 = σ(di(g)) + 2σ(dii(g)).

(ii) If g ∈ γc(F ), c > 2, and {i1, . . . , ic} is a set of indices with i1 6= ij, j > 2,
then

σ(di1i2...ic(g)) + σ(di2i1...ic(g)) + σ(di2i3...ici1(g)) = 0.

This equality holds also in group rings ZpF , p a prime, on replacing γc(F )

by γ
(p)
c (F ).

We also need the following fact:

Lemma 2.5. Let g ∈ γc(F ), c > 2. Then g − 1 ∈ (∆,∆) + ∆c+1, where
(∆,∆) denotes the additive subgroup of ZF generated by all elements of the form
xy − yx; x, y ∈ ∆.

Proof. We have

xy − 1 = (x− 1)y + y − 1;

[g, h]− 1 = g−1h−1((g − 1)(h− 1)− (h− 1)(g − 1)),

where g, h ∈ F , and [g, h] = g−1h−1gh. The proof now follows easily by induc-
tion on c and on the number of commutators of weight c in a decomposition
of g modulo γc+1(F ).

3 Non-commutative determinants

Our construction of non-commutative determinants can be considered a gener-
alization of the corresponding construction due to Dieudonné (see [1] for a very
detailed exposition), which applied to matrices over skew fields. The argument
in [1] applies to a more general situation as follows.

Let S be an associative ring with 1 and with the following property:
(*) every invertible square matrix with the entries from S (i.e., a matrix

from the group GLk(S) for some k > 1) has at least one invertible element in
every row and in every column.

Among the rings with this property are, for example, all local rings, i.e.,
rings whose non-invertible elements form an ideal.
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Over such a ring, any invertible square matrix M can be written in a spe-
cial form M = E · D(µ), where E is a product of elementary matrices (i.e.,
matrices possibly different from the identity matrix by a single element outside
the diagonal), and D(µ) is the matrix that is obtained from the diagonal ma-
trix by replacing the “1” in the right lower corner with µ ∈ S, µ 6= 0. Take
now the group S∗ of all invertible elements of the ring S, and the quotient
group S̄ of S∗ by its commutator subgroup. Then the image µ̄ of µ in S̄ is
defined uniquely and is called the determinant of the matrix M in the sense
of Dieudonné. It has some usual properties of the determinant; in particu-
lar, the determinant of the product of two matrices from GLk(S) is equal to
the product of their determinants.

Now given a matrix M ∈ GLn(KG) over an arbitrary group algebra, we
consider a ring Sm = KG/∆m, m > 2, and come up with the determinant
δm(M) in accordance with the construction described above using the fact that
in the ring Sm, every element with non-zero augmentation is invertible.

More specially, given an element u ∈ KG of the form α − w, 0 6= α ∈ K,
w ∈ ∆, one has modulo ∆m: u−1 = α−1 + α−2w + · · · + α−mwm−1. Hence
the commutator subgroup of the group S∗m is generated as a group (actually as
a semigroup) modulo ∆m by elements of the form

(1− v)(1− w)(1 + v + · · ·+ vm−1)(1 + w + · · ·+ wm−1) (2)

with v, w ∈ ∆. Denote by Pm the (multiplicative) subsemigroup of KG gener-
ated by all elements of the form (2). We have:

Proposition 3.1. Let M ∈ GLn(KG) be a product of elementary and di-
agonal matrices. Let detm(M) be an arbitrary preimage (in KG) of δm(M).
Then for an arbitrary m > 2, one has

detm(M) = umpm + wm (3)

for some invertible element um ∈ KG; pm ∈ Pm; wm ∈ ∆m.

In the case when G = F is a free group, we therefore have:

detm(M) = ±gmpm + wm, (4)

gm ∈ F ; pm ∈ Pm; wm ∈ ∆m.
We also note that by [5, IV.5.17], every matrix from GLn(KF ), n > 2,

K a field, is a product of elementary and diagonal matrices because KF is
a free ideal ring, so that (4) gives necessary condition(s) for a matrix over KF
to be invertible.

In the case of integral group algebra ZG, the rings ZG/∆m don’t satisfy
the property (*), but still we can write any invertible matrix over such a ring
in the form E · D(µ) because the g.c.d. of the augmentations of the elements
of every column must be 1, so we can get an element with augmentation 1 in
every column and then in every row after multiplying the matrix by appropriate
elementary matrices. Thus the determinant in this case exists, and we can prove
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that it is unique and satisfies necessary properties by embedding ZG into QG
and using the standard argument.

Since the Jacobian matrix of any automorphism of F is invertible over ZF
(see [6]), our Proposition 3.1 yields necessary condition(s) for an endomorphism
of the group F to be an automorphism.

We now show that all the elements um in the statement of Proposition 3.1
can be taken equal to some fixed element u which depends only on the ma-
trix M . This u can therefore be considered the “actual” determinant of M , and
the elements um — its “approximations”.

Proposition 3.2. Under the conditions of Proposition 3.1, there exists an el-
ement u ∈ KG such that in the equality (3), one has for any m > 2: u =
umsm + vm for some sm ∈ Pm; vm ∈ ∆m.

Proof. Having in mind the product rule for the determinants, all we have
to do is to show that the product of any two elements of the form of the right-
hand side of (3) has again this form. Fix m, and let u1, u2 ∈ KG; p1, p2 ∈ Pm;
w1, w2 ∈ ∆m; then (u1p1 + w1)(u2p2 + w2) = u1p1u2p2 + v, where v ∈ ∆m.
Now, u1p1u2p2 = u1u2(u−12 p1u2)p2, so we only have to show that a conjugate
of an element from Pm is again in Pm. This is clear for generating elements (2),
and hence or any element of Pm as well.

Corollary 3.3. For a matrix M ∈ GLn(ZF ), we have for any m > 2:

detm(M) = ±g · pm + wm

for some g ∈ F ; pm ∈ Pm; wm ∈ ∆m.

The following example is meant to illustrate the difference between the usual
determinant of the abelianized matrix and our non-commutative determinant.

Example. Let the endomorphism ψ of the free group F3 take {x1, x2, x3}
to [x1[x3, x2, x1, x1], x2, x3]. Then the Jacobian matrix Jψ has zeroes below
the diagonal and units on the diagonal except for the element a11 = 1 + x1 ·
d1([x3, x2, x1, x1]).

The image of a11 in the ring Z(F/F ′) equals 1, hence the determinant of
the matrix σF ′(Jψ) also equals 1, in particular, this matrix is invertible (which
implies that ψ induces an automorphism of the free metabelian group F/F ′′).

On the other hand, let us consider the image of Jψ over the ring ZF/∆4 and
compute δ4(Jψ):

δ4(Jψ) = 1− (1− [x3, x2, x1] + (x1 − 1)(x3 − 1)(x2 − 1)−
(x1 − 1)(x2 − 1)(x3 − 1)) + ∆4.

If ψ were an automorphism of F , we would have by Corollary 3.3:

1− [x3, x2, x1] + (x1 − 1)(x3 − 1)(x2 − 1)− (x1 − 1)(x2 − 1)(x3 − 1) =

± g · p4 (mod ∆4) (5)
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for some g ∈ F and p4 ∈ P4. To get some information on what this element p4
may look like, open the brackets in the expression (2) for the generators of Pm:

1 + vw − wv + v2w − vwv + wvw − w2v + . . . (6)

Thus we see that monomials on (xi − 1) of weight 2 and 3 in the expansion (6)
should belong to (∆,∆), the additive subgroup of ZF generated by elements of
the form uv − vu; u, v ∈ ∆. Hence the same is true for the expansion of any
element from Pm.

Now (5) and (6) imply: 1− (±g) = (x1 − 1)(x3 − 1)(x2 − 1)− (x1 − 1)(x2 −
1)(x3 − 1) ± g · w (mod ∆4) for some w ∈ (∆,∆). It follows that g − 1 ∈
∆2, so g ∈ F ′, hence by Lemma 2.5, g − 1 ∈ (∆,∆) + ∆3. Also, gw = w
(mod ∆4). Using Lemma 2.5 again, we see that for any h ∈ γ3(F ), one has
h − 1 ∈ (∆,∆) + ∆4. Hence if we write the element g as a product of powers
of basic commutators [x3, x2], [x3, x1] and [x2, x1] modulo γ3(F ), this will give
g − 1 = c1([x3, x2] − 1) + c2([x3, x1] − 1) + c3([x2, x1] − 1) (mod (∆,∆) + ∆4)
for some integers c1, c2, c3.

It is clear that the expansion of any ([xi, xj ]−1) modulo ? involves monomials
in xi and xj only. All that yields:

(x1 − 1)(x3 − 1)(x2 − 1)− (x1 − 1)(x2 − 1)(x3 − 1) ∈ (∆,∆) + ∆4,

which is not the case. This contradiction proves that ψ is not an automorphism.

This proof of ψ being not an automorphism may seem somewhat delicate —
this is because ψ is actually an automorphism “modulo F ′′”, i.e., ψ indices
an automorphism of the group F/F ′′. Thus we see that the usual commutative
determinant (of the abelianized Jacobian matrix) is only good for distinguish-
ing automorphisms modulo F ′′ whereas a non-commutative determinant allows
a more subtle analysis.

Procedure. Given a square matrix M over an arbitrary group algebra
KG, we want to detect its non-invertibility. First we consider the matrix σ(M)
of the augmentations of elements of M . If the matrix σ(M) is not invertible
over K, then we are done. If it is, it means we have at least one element with
non-zero augmentation in every row and in every column of the matrix M ;
hence we can proceed with the computation of detm(M) starting with m = 1
and going on until we have the condition (3) contradicted. The main point
is, of course, the checking whether or not this condition is contradicted; it
is hard possible to give a universal recipe here. For some “smooth” group like
a free group, for example, the procedure sketched in the Example above, usually
gives good results. In the case of integral group ring ZF , Chen–Fox–Lyndon
identities from [10] are useful in proving that given element of ZF is not equal
to an element of F modulo ∆m.

Now we are going to present a version of Proposition 3.1 which will play
the crucial role in Section 4. Computing determinants modulo ? is very con-
venient, but in some special cases it is possible to get more subtle information
upon computing determinants modulo powers of other, smaller, ideals.
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First we make a very general observation which is valid for non-square ma-
trices as well: we can consider decompositions of such a matrix in a product
of elementary and diagonal matrices, where elementary matrices are the same
as usual (in particular, they are square matrices), whereas diagonal matrices
are those that have the same size as a matrix under consideration, and have 0
outside the (i, i)-th places.

Proposition 3.4. Let S be an arbitrary ring with unit and without zero
divisors. Let M be an arbitrary (not necessarily square) matrix over S. Suppose
M = E1 ·D1 = E2 ·D2, where E1 and E2 are products of elementary matrices,
and D1, D2 are diagonal matrices (in the sense defined above). Then there is
a right invertible diagonal (square) matrix D such that D1 = D ·D2.

Proof. Denote E = E−12 E1; then E ·D1 = D2, and E−1 ·D2 = D1. Hence for
every possible i, there are ui, vi ∈ S such that ui ·d1(ii) = d2(ii) and vi ·d2(ii) =
d1(ii), where dj(ii) denotes appropriate diagonal element of the matrix Dj .
Since S has no zero divisors, this means the elements vi · ui are right invertible,
hence vi are right invertible, too. The result follows.

For invertible square matrices, this can be “a little” improved:

Proposition 3.5. Under the conditions of Proposition 3.4, let S have the prop-
erty (*) (see the beginning of this section). Furthermore, let M be an invertible
square matrix. Then a product (in an arbitrary order) of all diagonal elements
of the matrix D from the statement of Proposition 3.4 belongs to the commutator
subgroup [S∗, S∗] of the multiplicative group S∗.

Proof. Applying Proposition 3.4 shows that the matrix D is invertible (since
both D1 and D2 should be invertible). Therefore, all the diagonal elements of D
belong to the group S∗. Furthermore, D is a product of elementary matrices
since D = E−11 E2. Since S has the property (*), an argument from [1] (see also
the beginning of this section) shows that the determinant of D (in the sense of
Dieudonné) equals 1̄ in the group S∗/[S∗, S∗]. The result follows.

4 Non-tame automorphisms

In this section, we are going to give some applications of non-commutative
determinants to detecting non-tame automorphisms or generating systems of
several groups.

Theorem 4.1. Let M3 = F3/F
′′
3 , the free metabelian group of rank 3, and

M3,2 = F3/(F
′
3)2, the free 2-metabelian group of rank 3. The mapping x1 →

x1[x3, x2, x1, x1]; x2 → x2; x3 → x3, induces:

(i) (cf. [9]) a non-tame automorphism of M3;

(ii) a non-tame automorphism of M3,2.
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Proof. Of course, (i) follows from (ii), but it will be convenient for us to
make the proof of (i) a part of the proof of (ii), so we begin with (i). Suppose
by means of contradiction that for some ui ∈ F ′′ we have an automorphism φ of
the group F induced by x1 → x1[x3, x2, x1, x1]u1; x2 → x2u2; x3 → x3u3. De-
note R = F ′. Then diagonal elements of the Jacobian matrix Jφ have the form
1 + w, w ∈ ∆R (see computation in the Example in the previous section); in
particular, they are all invertible modulo ∆2

R. All the other elements of Jφ
except those in the first row, belong to ∆R. This allows us to reduce the ma-
trix Jφ to a diagonal form by applying elementary transformations to its rows
starting with the last row and going first up, then down with annihilations. In
the end, we get an element of the following form in the upper left corner: a11 =
1−
(
1− [x3, x2, x1]+(x1−1)(x3−1)(x2−1)−(x1−1)(x2−1)(x3−1)−

∑
di(ui)

)
(mod ∆4) for some ui ∈ F ′′, i = 1, 2, 3.

Consider now the ring S = ZF/∆2
R. Note that elements from S∗ are of

the form ±h+w+ ∆2
R with h ∈ F , w ∈ ∆R. Hence elements from [S∗, S∗] have

the form g + ∆2
R with g ∈ F ′ (see (2)). Applying Proposition 3.5 then gives

(note that ∆2
R ⊆ ∆4):

1− [x3, x2, x1] + (x1 − 1)(x3 − 1)(x2 − 1)− (x1 − 1)(x2 − 1)(x3 − 1)−∑
di(ui) = 1− g (mod ∆4). (7)

Denote the element on the left-hand side of (7) by t. Obviously, t ∈ ∆3;
hence (g − 1) ∈ ∆3, and g ∈ γ3(F ) by Lemma 2.2 (iii). Hence by Lemma 2.5,
t ∈ (∆,∆) + ∆4. Since 1 − [x3, x2, x1] ∈ (∆,∆) + ∆4 (again by Lemma 2.5),
this leaves us with

(x1−1)(x3−1)(x2−1)−(x1−1)(x2−1)(x3−1)−
∑

di(ui) ∈ (∆,∆)+∆4. (8)

The element s = (x1− 1)(x3− 1)(x2− 1)− (x1− 1)(x2− 1)(x3− 1) does not
belong to (∆,∆)+∆4, hence we have to compensate it by

∑
di(ui). Since we are

only interested in monomials of weight 3 in the expansion of
∑
di(ui), we can

consider ui products of basic commutators of weight 4 from F ′′. Given the col-
lection of generators in the monomials that we have to compensate, we are left
with the following possibility: u1 = [[x2, x1], [x3, x1]]ε1 ; u2 = [[x3, x2], [x2, x1]]ε2 ;
u3 = [[x3, x2], [x3, x1]]ε3 for some integers ε1, ε2, ε3. Consider

d1(u1) = ε1((x2 − 1)(x1 − 1)(x3 − 1)− (x3 − 1)(x1 − 1)(x2 − 1)−
(x1 − 1)(x2 − 1)(x3 − 1) + (x1 − 1)(x3 − 1)(x2 − 1)) =

2ε1((x3 − 1)(x2 − 1)(x1 − 1)− (x2 − 1)(x3 − 1)(x1 − 1)) (mod (∆,∆) + ∆4).

Thus we see that all monomials in the expansion of d1(u1) modulo (∆,∆) + ∆4

occur with even coefficients, hence they cannot compensate t. Expansions of
d2(u2) and d3(u3) have the same form, and this completes the proof of (i).

Proof of (ii) goes along the same lines, but we consider the image of the Ja-
cobian matrix Jφ over the ring Z2F . Furthermore, the elements ui this time can
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belong to (F ′)2 = (F ′)2F ′′, not just F ′′. As we have seen when proving part (i)
of this theorem, Fox derivatives of elements from F ′′ don’t contribute anything
to compensate the element t modulo (∆,∆) + ∆4 (in the ring Z2F ). Hence let
us consider ui in the form [x3, x2]2ε1 [x3, x1]2ε2 [x2, x1]2ε3 · c2 for some integers
ε1, ε2, ε3, and c ∈ γ3(F ). Then, di(c

2) = (1+c)di(c) = 0 (mod ∆4) in Z2F , and
if an element has the form [xi, xj ]

m, then the expansion modulo ∆4 of any of its
derivatives involves monomials on (xi − 1) and (xj − 1) only. Hence there is no
way that di(ui) can compensate t. This completes the proof of the theorem.

For the next application of our method, let us bear in mind that by γ
(p)
c (F )

we denote the c-th term of the Jennings series of F , p a prime (see Lemma 2.2).
The following Theorem 4.2 can be considered a “modular” analog of the main
result of [19].

Theorem 4.2. Let R be a normal subgroup of the group F , and let R ⊆
γ
(p)
c (F ), but R 6⊆ γ

(p)
c+1(F ) for some c > 3, p > 2 a prime. Suppose there is

an element h ∈ R, h /∈ γ(p)c+1(F ), which does not depend on some free generator,
say, on x1. Then the group F/RpR′ has non-tame generating systems.

Proof. Consider the following generating system of F/RpR′: [x1[x1, h, x1], x2, . . . , xn]
(we denote elements of the group F and their natural images in F/RpR′ by
the same letters without ambiguity). Were this generating system tame, for
same ui ∈ RpR′ we would have an automorphism φ of F given by φ : x1 →
x1[x1, h, x1]u1, xi → xiui, 2 6 i 6 n. Denote yi = φ(xi) and compute the ele-

ments of the Jacobian matrix Jφ over the group ring ZpF . Since R ⊆ γ
(p)
3 (F ),

we have ∆RpR′ ⊆ ∆c+3, hence:

d1(y1) = 1 + (h− 1)(x1 − 1) + ([x1, h]− 1) (mod ∆c+2 ∩∆R);

di(y1) = −(x1 − 1)2di(h) (mod ∆c+2 ∩∆R) for i > 2;

di(yi) = 1 (mod ∆c+2 ∩∆R) for i 6= 1;

di(yj) = 0 (mod ∆c+2 ∩∆R) for i 6= 1, i 6= j.

Thus we can diagonalize the matrix Jφ over the ring S = ZpF/∆2
R by ap-

plying elementary transformations to its rows, and then apply Proposition 3.5.
This gives:

1 + (h− 1)(x1 − 1) = g (mod ∆c+2 + ∆2
R). (9)

Since R ⊆ γ
(p)
c (F ), (9) implies g − 1 ∈ ∆c+1, so g ∈ γ(p)c+1(F ). Hence we are

in a position to apply Lemma 2.4 (ii) with i1 = 1:

σ(d1i2...ic+1(g)) + σ(di21...ic+1(g)) + σ(di2i3...ic+11(g)) = 0, (10)

where i2, . . . , ic+1 may run through {2, . . . , (c+ 1)}.
From (9), we see that d1i2...ic+1

(g) = di2...ic+1
(h), hence for some set of

indices i2, . . . , ic+2, we should have σ(d1i2...ic+1
(g)) 6= 0 in ZpF . On the other

hand, σ(d1i2...ic+1(g)) is the only possibly non-zero summand in (10). This
contradiction completes the proof of Theorem 4.2.
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In conclusion, we consider liftings of automorphisms of some F/R groups to
automorphisms of F/R′ groups.

Theorem 4.3. For any c > 3 and n > 2, the following automorphism φ
of the group F/γc+1(F ) cannot be lifted to an automorphism of F/(γc+1(F ))′:
φ : x1 → x1[x1, x2, x2], xi → xi, 2 6 i 6 n.

Proof. Let R = γc+1(F ). By the result of [14], the matrix M = σR(Jφ)
belongs to GLn(Z(F/R)). Then, by a result of [7], we can extend the matrix M
to a matrix M ′ by placing 1 on the diagonal and 0 elsewhere so that M ′ would
be a product of elementary and diagonal matrices, hence Proposition 3.5 applies
to the matrix M ′. Let M ′ be an m×m matrix, m > n.

If the automorphism φ were tame, the extension φ′ of φ to the free nilpotent
group of rank m by setting φ′(xi) = xi, n 6 i 6 m, would be also a tame
automorphism, and M ′ = σR(Jφ′).

Now set S = ZF/∆R = Z(F/R); it is well-known that invertible elements of
the ring S are of the form ±h + ∆R with h ∈ F ; hence elements from [S∗, S∗]
have the form g + ∆R with g ∈ F ′. Applying now our Proposition 3.5 to M ′

yields: 1 + (x2 − 1)2 = g (mod ∆R). Since ∆R ⊆ ∆3, this implies

(x2 − 1)2 = g − 1 (mod ∆3), (11)

g ∈ F ′. But this is impossible since by Lemma 2.4 (i), we should have 2 ·
σ(d22(g)) = (σ(d2(g)))2 − σ(d2(g)) = 0 because g ∈ F ′. However (11) gives
σ(d22(g)) = 1, a contradiction.

In the same manner we can prove that the automorphism of the free metabe-
lian group of rank 3 considered in Theorem 4.1, cannot be lifted to an automor-
phism of F3/F

′′′
3 :

Theorem 4.4. The automorphism φ of the group M3 = F3/F
′′
3 given by

x1 → x1[x3, x2, x1, x1]; x2 → x2; x3 → x3, cannot be lifted to an automorphism
of the group S3,3 = F3/F

′′′
3 .

Proof. Proceeding as in the proof of the previous theorem, we get the image
of the Jacobian matrix Jφ over the group ring Z(M3); denote this image by B.
Then, take the image M of the matrix B over Z(F/γ4(F )) (bear in mind that
F ′′ ⊆ γ4(F )); this matrix M must belong to GL3(Z(F/γ4(F ))). Extend this
matrix to a matrix M ′ which is a product of elementary and diagonal matrices
(by [7]); then our Proposition 3.5 is applicable to M ′; this yields the same
inclusion (8) as in the proof of Theorem 4.1:

(x1 − 1)(x3 − 1)(x2 − 1)− (x1 − 1)(x2 − 1)(x3 − 1)−
∑

di(ui) ∈ (∆,∆) + ∆4.

Applying the argument from the proof of Theorem 4.1 yields the result.

As regards free metabelian groups of rank n 6= 3, they have only tame
automorphisms (see [2], [3]), so in particular, they have every automorphism
induced by an automorphism of Fn/F

′′′
n . Summing up these results with a result

of [19], we have the following complete answer to Problem 5.49 (b) from [13]:
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Corollary 4.5. Let Sn,m denote the free solvable group of rank n > 2 and
derived length m > 1. Every automorphism of Sn,m is induced by an automor-
phism of Sn,m+1 in the following and only in the following cases: (i) m = 1,
n > 2; (ii) m = 2, n 6= 3.
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